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ABSTRACT
We employ the method of differential regularization to calculate explicitly
the one-loop effective action of a bosonized UL(3)×UR(3) extended Nambu–
Jona-Lasinio model consisting of scalar, pseudoscalar, vector and axial vector
fields.
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1. Introduction
Quantum chromodynamics (QCD) is a theory of strong interactions [1]
and is asymptotically free such that the forces between quarks become weak
for small quark-quark separation or, equivalently, large momentum transfer.
The same self-interactions of gluons that give rise to asymptotic freedom
lead to a strong quark-quark interaction for medium and small energies,
and thus the low energy hadron physics cannot be handled by perturbative
QCD. At low energies, chiral perturbation theory [2] is a good method for
perturbative calculations. We note that a disadvantage of chiral perturbation
theory is that as soon as we go beyond the lowest order, the number of
free parameters increases very rapidly, thus making calculations beyond the
lowest few orders rather impractical. We would thus like to obtain these
free parameters directly from QCD. This is rather difficult to do so far, and
there is a need for some models that interpolate between QCD and chiral
perturbation theory.
Among many models, the Nambu–Jona-Lasinio (NJL) model [3,4] seems
to be the simplest pure quark theory, which yields dynamical symmetry
breaking and hence a nonvanishing value for the quark condensate. But
to make the perturbation series nondivergent, we need to introduce an ul-
traviolet cutoff as a regularization. Many regularization methods have been
employed [5] and it was found that the one-loop effective potentials in various
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methods can vary substantially with respect to the change of the renormal-
ization scale. In particular, one should know that not all regularization meth-
ods are suitable to NJL models. Moreover, higher loop corrections are also
needed to reduce the sensitivity of the renormalization scheme dependence
of perturbative results.
In this paper, we shall use a space-time regularization method known as
differential regularization (DR) [6,7] to calculate the one-loop effective action
of an extended NJL (ENJL) model. This method has been shown to be useful
for studying the quantum corrections in chiral theories. By using DRmethod,
we can determine the effective action systematically and unambiguously. We
organize the paper as follows. In section 2, we introduce the ENJL model
and the calculational procedure of DR method. In section 3, we calculate
explicitly the one-loop effective action of the ENJL model.
2. The Extended NJL Model and Differential Regular-
ization
We consider the UL(3)×UR(3) extended NJL Lagrangian for quark field
[8,9]:
LENJL = q¯(iγµ∂µ −m0)q
+2G1
N2
f
−1∑
i=0
[
(q¯
λi
2
q)2 + (q¯
λi
2
iγ5q)
2
]
3
−2G2
N2
f
−1∑
i=0
[
(q¯
λi
2
γµq)
2 + (q¯
λi
2
iγ5γµq)
2
]
, (1)
where G1 and G2 are the four-fermion coupling constants, m0 is the quark
mass matrix and λi are Gell-Mann matrices.
The quantized theory can be written in terms of a generating functional
which, in the absence of external sources, reads
ZENJL =
∫
Dq¯Dq exp
[
i
∫
d4xLENJL(x)
]
. (2)
In order to use the model to describe the low energy properties with the
manifest low energy modes, we bosonize the model with the auxiliary fields
Φ = ΦαΛα introduced via the identity
exp
(
− i
2
∫
q¯ΛαqQ
αβ q¯Λβq
)
=
∫
DΦexp
(
− i
2
∫
Φα(Q
−1)αβΦβ − i
∫
Φαq¯Λαq
)
. (3)
It contains therefore (in the case of three flavors) nonets of scalar, pseu-
doscalar, vector and axial vector meson fields:
Λα =
λi
2
⊗ Γa, i = 0, · · · , N2f − 1, Γa ∈ {1, iγ5, iγµ, iγµγ5} , (4)
Qαβ =
{
4G1δ
αβ for Γa ∈ {1, iγ5}
4G2δ
αβ for Γa ∈ {γµ, γµγ5} . (5)
Hence we have
ZENJL =
∫
DΦexp
(
− i
2
∫
ΦQ−1Φ
)
ZF [Φ] , (6)
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where
ZF [Φ] =
∫
DqDq¯ exp
(
−i
∫
q¯(iγµ∂µ −m0 − Φ)q
)
. (7)
By shifting Φ→ Φ−m0, we have
ZENJL =
∫
DΦe−
i
2
∫
d4x(Φ−m0)Q−1(Φ−m0)
∫
DqDq¯e−i
∫
d4xq¯(iγµ∂µ−Φ)q . (8)
The auxiliary field Φ can be expressed in terms of the scalar, pseudoscalar,
vector and axial vector fields as
Φ = gSS + igPγ5P − igV γµVµ − igAγµAµγ5 . (9)
Then we can write
1
2
(Φ−m0)Q−1(Φ−m0) = 1
2G1
Tr((S −m0)2 + P 2)
+
1
2G2
Tr(VµV
µ + AµA
µ) , (10)
where S =
∑8
i=0
λi
2
Si, P =
∑8
i=0
λi
2
P i, Vµ =
λ0
2
ωµ +
∑8
i=1
λi
2
ρiµ, and Aµ =
λ0
2
fµ +
∑8
i=1
λi
2
aiµ.
By including the electroweak interaction, we have the generating func-
tional
ZENJL =
∫
DWDBDΦe−
∫
d4x i
2
(Φ−m0)Q−1(Φ−m0)− 14FµνFµν− 14GµνGµν
×
∫
DqDq¯e−i
∫
d4xq¯(iγµ∂µ−Φ)q , (11)
where
Fµν = ∂µBν − ∂νBµ ,
Gµν = ∂µWν − ∂νWµ + gW [Wµ,Wν ] . (12)
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Then the auxiliary field Φ is expressed as the scalar, pseudoscalar, vector,
axial vector fields and gauge bosons,
Φ = gSS + igPγ5P − igV γµVµ − igAγµAµγ5 − igWγµWµ − igBγµBµ , (13)
where W and B are the electroweak gauge bosons. The fields S and P can
be represented chirally as
S + iγ5P = PRM + PLM
† , (14)
where PR =
1
2
(1 + γ5) and PL =
1
2
(1 − γ5). We can parameterize M =
S + iP as M = UΣU , with Σ being the scalar σ fields, and U the coset
UL(3)× UR(3)/UV (3):
U = exp
{
i
√
2
Φ8 + Φ1
f0
}
, (15)
Φ8 =
8∑
i=1
λi√
2
φi
=


1√
2
pi0 + 1√
6
η8 pi
+ k+
pi− − 1√
2
pi0 + 1√
6
η8 k
0
k− k¯0 − 2√
6
η8

 , (16)
Φ1 =
1√
3
η1I . (17)
In the low-energy approximation, we couple the scalar, pseudoscalar, vec-
tor and axial vector fields to external sources. The quark fields are not cou-
pled to any external sources and can be integrated over to give a functional
determinant, whose evaluation requires a regularization. The calculation can
be carried out by using the Feynman rules for the quark fields, such that the
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one-loop quantum effects are considered by treating quarks as internal lines
in the Feynman diagrams.
In this model, it is necessary to determine its vacuum by calculating the
effective potential or action to at least one-loop order. We shall employ
differential regularization and carry out the calculation in Euclidean space,
so that the functional integral reads
Z ′ENJL =
∫
DΦexp [−Seff (Φ)] , (18)
where the effective action in the one-loop fermion approximation is
Seff = − lnDet[−iγµ∂µ + Φ]
+
1
2
∫
d4x(Φ−m0)Q−1(Φ−m0) . (19)
The functional determinant can be calculated using the Feynman rules;
in particular, the massless quark propagator is given by
〈qia(x)q¯jb(0)〉 ≡ ∆ijab(x)
= −iδ
ijδab
2pi2
γµx
µ
x4
, (20)
with i, j and a, b being the isospin and color indices, respectively.
In perturbative calculations, we encounter highly singular terms of the
form
1
(x2)n
lnm(µ2x2), n ≥ 2 , m ≥ 0 , (21)
7
where µ is a mass parameter in the problem. The essential idea of differential
regularization is to define these highly singular terms by
1
(x2)n
lnm(µ2x2) ≡ ✷✷ . . .✷︸ ︷︷ ︸
n−1
G(x2) , x2 6= 0 , (22)
where G(x2) is a to-be-determined function that has a well-defined Fourier
transform and can depend on 2(n− 1) integration constants, which play the
role of a subtraction scale. In this paper, we encounter only the following
two forms:
1
(x2)2
→ −1
4
✷
ln x2µ2
x2
, x2 6= 0 , (23)
1
(x2)3
→ − 1
32
✷✷
ln x2µ2
x2
, x2 6= 0 , (24)
where the mass parameter µ is an integration constant. Note that we have
omitted other irrelevant integration constants for x2 6= 0. This regularization
method has been used in φ4 theory, QCD [6] and Nambu–Jona-Lasinio model
[7] and can reproduce the well-known results obtained by other methods.
The advantage of DR method is that loop corrections in a chiral theory
can be calculated unambiguously. We note also that different methods can
lead to different results for the one-loop effective potential, which depends
strongly on renormalization scheme. Higher loop corrections can reduce the
sensitivity of scheme dependence, but of course, the use of a regularization
method requires special attention.
3. The One-Loop Effective Action
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To obtain the one-loop effective action of the ENJL model, we need to
evaluate the one-loop bilinear terms in the scalar, pseudoscalar, vector and
axial vector fields, and their interaction terms. For illustrative purposes, we
evaluate some of them below. The bilinear term in the scalar field with an
internal quark loop is easily calculated and reads
ΠS(x, y) = −g
2
S
2
∫
d4xd4yTr [∆(x− y)∆(y − x)S(x)S(y)]
= −3g
2
S
2pi4
∫
d4xd4yTr [S(x)S(y)]
1
(x− y)6
sing.
=
3g2S
128pi4
∫
d4xd4y
[
3
2
S0(x)S0(y) +
8∑
i=1
Si(x)Si(y)
]
×✷✷ ln(x− y)
2µ2
(x− y)2 , (x− y)
2 6= 0 , (25)
where ✷ = ✷(x−y) and we have used TrγI = 4,TrcI = 3, and TrλI = 3 for
the spinor, color, and octet degrees of freedom, respectively. The logarithmic
dependence of the scalar term reads
dΠS
d lnµ2
= − 3g
2
S
32pi2
∫
d4x
[
3
2
S0(x)✷S0(x) +
8∑
i=1
Si(x)✷Si(x)
]
. (26)
The bilinear term in the pseudoscalar field is
ΠP (x, y) = −g
2
P
2
∫
d4xd4yTr [iγ5∆(x− y)iγ5∆(y − x)P (x)P (y)]
= −3g
2
P
2pi4
∫
d4xd4yTr [P (x)P (y)]
1
(x− y)6
sing.
=
3g2P
128pi4
∫
d4xd4y
[
3
2
P 0(x)P 0(y) +
8∑
i=1
P i(x)P i(y)
]
×✷✷ ln(x− y)
2µ2
(x− y)2 , (27)
9
and its logarithmic dependence is
dΠP
d lnµ2
= − 3g
2
P
32pi2
∫
d4x
[
3
2
P 0(x)✷P 0(x) +
8∑
i=1
P i(x)✷P i(x)
]
. (28)
The bilinear term in the vector field is
ΠV (x, y) = −g
2
V
2
∫
d4xd4yTr [i 6V (x)∆(x− y)i 6V (y)∆(y − x)]
=
3g2V
2pi4
∫
d4xd4yTr
[
(
λi
2
ρiα(x) +
λ0
2
ωα(x))(
λj
2
ρjβ(y) +
λ0
2
ωβ(y))
]
×(x− y)µ(x− y)ν
(x− y)8 Tr(γ
αγµγβγν)
sing.
=
3g2V
32pi4
∫
d4xd4y
[
3
2
ωµ(x)ωµ(y) +
8∑
i=1
ρiµ(x)ρiµ(y)
]
×✷✷ ln(x− y)
2µ2
(x− y)2 . (29)
Its logarithmic dependence is
dΠV
d lnµ2
= −3g
2
V
8pi2
∫
d4x
[
3
2
ωµ(x)✷ωµ(x) +
8∑
i=1
ρiµ(x)✷ρiµ(x)
]
. (30)
The bilinear term in the axial vector field is
ΠA(x, y)
sing.
=
3g2A
32pi4
∫
d4xd4y
[
3
2
fµ(x)fµ(y) +
8∑
i=1
aiµ(x)aiµ(y)
]
×✷✷ ln(x− y)
2µ2
(x− y)2 , (31)
and its logarithmic dependence is
dΠA
d lnµ2
= −3g
2
A
8pi2
∫
d4x
[
3
2
fµ(x)✷fµ(x) +
8∑
i=1
aiµ(x)✷aiµ(x)
]
. (32)
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The one-loop vector-scalar-scalar interaction reads
ΓV SS(x, y, z) = −gV g2S
∫
d4xd4yd4zTr [−i 6V (x)∆(x− y)S(y)
×∆(y − z)S(z)∆(z − x)] + (permut.)
= −3gV g
2
S
32pi6
∫
d4xd4yd4zTr
[
(
λi
2
ρiµ(x) +
λ0
2
ωµ(x))
λj
2
Sj(y)
×λ
k
2
Sk(z)
]
Tr
[
γµγαγβγγ
] (x− y)α(y − z)β(z − x)γ
(x− y)4(y − z)4(z − x)4
sing.
=
3gV g
2
S
128pi4
∫
d4xd4yd4z(ωµ(x)∂µS
i(y)Si(z)
+(ifabc + dabc)ρ
aµ(x)∂µS
b(y)Sc(z))
×
[
3δ(x− z)✷ ln(x− y)
2µ2
(x− y)2
+δ(x− z)✷ ln(y − z)
2µ2
(y − z)2
]
, (33)
and the logarithmic dependence is
dΓV SS
d lnµ2
= − gV g
2
S
128pi4
∫
d4xd4yd4z(ωµ(x)∂µS
i(y)Si(z)
+(ifabc + dabc)ρ
aµ(x)∂µS
b(y)Sc(z))δ(x− z)
×
[
12pi2δ(x− y) + 4pi2δ(y − z)
]
= −gV g
2
S
8pi2
∫
d4x(ωµ(x)∂µS
i(x)Si(x)
+(ifabc + dabc)ρ
aµ(x)∂µS
b(x)Sc(x)) . (34)
Other one-loop quark contributions are listed in the appendix.
4. Discussion
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We have calculated the one-loop effective action of the ENJL model by
the method of differential renormalization, which seems to be a very simple
method. We note that γ5 is not well defined in arbitrary dimensions of space-
time. But differential renormalization performs loop calculation in coordinate
space with well defined γ5. Indeed, the bosonized ENJL model gives the low
energy meson effective Lagrangian by means of quark loop contributions. It
is a model that interpolates between QCD and chiral perturbation theory.
The original ENJL Lagrangian which has four-fermion interaction is non-
renormalizable, but the bosonized version is renormalizable. The anomalous
part of the effective action can be calculated by the WZW method and higher
loop can be considered further.
Appendix
Here we list the rest of the one-loop logarithmic quark contributions to
the effective action.
dΓV PP
d lnµ2
=
gV g
2
S
8pi2
∫
d4x
[
ωµ(∂µP
i)P i
+(ifabc + dabc)ρ
aµ(∂µP
b)P c
]
, (35)
ΓV PS(x, y, z) = ΓASS(x, y, z) = ΓAPP (x, y, z) = 0 , (36)
dΓAPS
d lnµ2
=
gAgSgP
4pi2
∫
d4x
[
(∂µfµ)S
iP i
+(ifabc + dabc)(∂
µaaµ)S
bP c
]
, (37)
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dΓAAV
d lnµ2
=
gV g
2
A
8pi2
∫
d4x
{
7
2
aaµ(∂νρaν)fµ − 4aaµρaµ∂νfν
−1
2
aaµ(∂νρaµ)fν −
1
2
aaµ(∂µρ
aν)fν +
7
2
aaµ(∂νων)a
a
µ
−4aaµωµ∂νaaν −
1
2
aaµ(∂νωµ)a
a
ν −
1
2
aaµ(∂µων)a
a
ν
+
7
2
fµ(∂νρaν)a
a
µ − 4fµρaµ∂νaaν −
1
2
fµ(∂νρaµ)a
a
ν
−1
2
fµ(∂µρ
aν)aaν +
21
4
fµ(∂νων)fµ − 6fµωµ∂νfν
−3
4
fµ(∂νωµ)fν − 3
4
fµ(∂µω
ν)fν + (ifabc + dabc)
×
(
7
2
aaµ(∂νρaν)a
a
µ − 4aaµρbµ∂νacν −
1
2
aaµ(∂νρbµ)a
c
ν
−1
2
aaµ(∂µρ
bν)acν
)}
, (38)
dΓV V V
d lnµ2
= − g
3
V
16pi2
∫
d4x {ρaµωµ∂νρaν +
1
2
ρaµρaµ∂
νων
+ρaµ(∂νρaµ)ων + ρ
aµ(∂µρ
aν)ων + ρ
aµ(∂µω
ν)ρaν
+
3
4
ωµωµ∂
νων +
3
2
ωµων∂µων − (ifabc + dabc)
×
(
7
2
ρaµ(∂νρbν)ρ
c
µ − 4ρaµρbµ∂νρcν −
1
2
ρaµ(∂νρbµ)ρ
c
ν
−1
2
ρaµ(∂µρ
bν)ρcν
)}
, (39)
dΓSSSS
d lnµ2
= −g
4
S
pi2
∫
d4x
{
1
12
S4 +
1
16
SaSbScSd
× [dcde(ifabe + dabe)− dbde(ifaec + daec)
+dade(ifebc + debc)]} , (40)
ΓSSSP = ΓSPPP = 0 , (41)
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dΓSSPP
d lnµ2
= −4g
2
Sg
2
P
pi2
∫
d4x{ 1
12
S2P 2
+
1
16
SaSbP cP d[dcde(ifabe + dabe)
−dbde(ifaec + daec) + dade(ifebc + debc)]} , (42)
dΓPPPP
d lnµ2
= −4g
4
P
pi2
∫
d4x{ 1
12
P 4 +
1
16
P aP bP cP d
×[dcde(ifabe + dabe)− dbde(ifaec + daec)
+dade(ifebc + debc)]} , (43)
dΓAASS
d lnµ2
= −g
2
Sg
2
A
12pi2
∫
d4x
{
1
3
aaµaaµS
bSb +
1
4
aaµabµS
cSd [dcde(ifabe + dabe)
−dbde(ifaec + ddec) + dade(ifebc + debc)]
+aaµfµS
bSc(ifabc + dabc) +
1
2
fµfµS
aSa
}
, (44)
dΓAAPP
d lnµ2
= −g
2
P g
2
A
12pi2
∫
d4x
{
1
3
aaµaaµP
bP b +
1
4
aaµabµP
cP d [dcde(ifabe + dabe)
−dbde(ifaec + ddec) + dade(ifebc + debc)]
+aaµfµP
bP c(ifabc + dabc) +
1
2
fµfµP
aP a
}
, (45)
dΓV V SS
d lnµ2
= −g
2
Sg
2
V
12pi2
∫
d4x
{
1
3
ρaµρaµS
bSb +
1
4
ρaµρbµS
cSd [dcde(ifabe + dabe)
−dbde(ifaec + daec) + dade(ifebc + debc)]
+ρaµωµS
bSc(ifabc + dabc) +
1
2
ωµωµS
aSa
}
, (46)
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dΓV V PP
d lnµ2
= −g
2
Pg
2
V
12pi2
∫
d4x
{
1
3
ρaµρaµP
bP b +
1
4
ρaµρbµP
cP d [dcde(ifabe + dabe)
−dbde(ifaec + daec) + dade(ifebc + debc)]
+ρaµωµP
bP c(ifabc + dabc) +
1
2
ωµωµP
aP a
}
, (47)
dΓAAV V
d lnµ2
=
g2Ag
2
V
6pi2
∫
d4x(2δµνδλσ − 7δµλδνσ − δµσδνλ)
×
{
1
16
aaµa
b
νρ
c
λρ
d
σ[
4
3
(δabδcd − δbdδac + δadδbc)
+dcde(ifabe + dabe)− dbde(ifaec + daec) + dade(ifebc + debc)]
+
1
8
(aaµa
b
νρ
c
λωσ + a
a
µa
b
νρ
c
λωσ + a
a
µfνρ
b
λρ
c
σ + fµa
a
νρ
b
λρ
c
σ)
×(ifabc + dabc) + 1
8
(aaµa
a
νωλωσ + a
a
µfνρ
a
λωσ + a
a
µfνωλρ
a
σ
+fµa
a
νρ
a
λωσ + fµa
a
νωλρ
a
σ + fµfνρ
a
λρ
a
σ) +
3
16
fµfνωλωσ
}
, (48)
dΓAAAA
d lnµ2
=
g4A
24pi2
∫
d4x(2δµνδλσ − 7δµλδνσ − δµσδνλ)
×
{
1
16
aaµa
b
νa
c
λa
d
σ[
4
3
(δabδcd − δbdδac + δadδbc)
+dcde(ifabe + dabe)− dbde(ifaec + daec) + dade(ifebc + debc)]
+
1
8
(aaµa
b
νa
c
λfσ + a
a
µa
b
νa
c
σfλ + a
a
µfνa
b
λa
c
σ + fµa
a
νa
b
λa
c
σ)
×(ifabc + dabc) + 1
8
(aaµa
a
νfλfσ + a
a
µfνa
a
λfσ
+aaµfνfλa
a
σ + fµa
a
νa
a
λfσ + fµa
a
νfλa
a
σ + fµfνa
a
λa
a
σ)
+
3
16
fµfνfλfσ
}
, (49)
dΓV V V V
d lnµ2
=
g4V
24pi2
∫
d4x(2δµνδλσ − 7δµλδνσ − δµσδνλ)
15
×
{
1
16
ρaµρ
b
νρ
c
λρ
d
σ[
4
3
(δabδcd − δbdδac + δadδbc)
+dcde(ifabe + dabe)− dbde(ifaec + daec)
+dade(ifebc + debc)] +
1
8
(ρaµρ
b
νρ
c
λωσ + ρ
a
µρ
b
νρ
c
σωλ
+ρaµωνρ
b
λρ
c
σ + ωµρ
a
νρ
b
λρ
c
σ)(ifabc + dabc)
+
1
8
(ρaµρ
a
νωλωσ + ρ
a
µωνρ
a
λωσ + ρ
a
µωνωλρ
a
σ + ωµρ
a
νρ
a
λωσ)
+ωµρ
a
νωλρ
a
σ + ωµωνρ
a
λρ
a
σ) +
3
16
ωµωνωλωσ
}
. (50)
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